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1. INTRODUCTION 
Let G be the finite symplectic group Sp(4, q), where q is a power of an 
odd prime p. In this paper we complete the investigation begun in [9, lo] 
of the decomposition matrices of G in characteristics other than p. 
TheorderofGisIG/=q4(q2+1)(q+1)2(q-1)2,soifr#~isaprime 
dividing 1 G 1, then r = 2 or r divides exactly one of q* + 1, q + 1, or q - 1. 
The decomposition matrices for r = 2 appear in [9, lo]. If r is odd and 
divides q* + 1 then every block is cyclic, and the Brauer trees are given in 
[ 111 and also follow from the results in [4]. If r is odd and divides one 
of q + 1 or q - 1, then the cyclic blocks are exactly those of non-maximal 
defect, and again the Brauer trees follow from the results in [4]. We deter- 
mine here the decomposition matrices for r-blocks of maximal defect for 
odd primes dividing q + 1 or q - 1. 
In case r 1 q + 1 we require only elementary methods, such as computing 
scalar products with characters of projective modules obtained by inducing 
from a unipotent subgroup of G. The decomposition matrix is determined 
up to two parameters in one column of the principal block. In case r 1 q - 1 
we obtain the complete decomposition matrix, and the proof is an applica- 
tion of a result of Puig [7] on source algebras. 
2. NOTATION 
Henceforth we shall denote by r an odd prime dividing q + 1, respec- 
tively q - 1. Then rd will denote the r-part and m = 2m, the r’-part of q + 1, 
respectively q - 1. In either case a Sylow r-subgroup of G is isomorphic to 
zp x zp. 
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Denote by T the set of integers T= { 1, . . . . rdn?, - 1 }, so in the notation 
of [S], T=T, or T2 according as r/q-l or rlq+l. Let T’ be the set of 
multiples of rd in T. Denote by 9 a generator of F,*2 and then y = P+’ and 
q=$-l. 
Let F denote a finite extension of the r-adic numbers Q, containing all 
the 1 G 1 th roots of unity. Denote by R the ring of integers in F and by rc 
a prime in R, so R = R/(n) is a finite field of characteristic r. We fix once 
and for all a monomorphism of R into the complex numbers, and thereby 
consider the character values of G to be in R. The ordinary characters of 
G are given in [S], and we use the notation of that paper for the characters 
and conjugacy classes. 
3. THE ~-BLOCKS OF G 
Let x1 and x1 be irreducible characters of G, and let s,, s2 E G* = 
SO(5, q) be their semisimple labels in the Jordan decomposition of 
characters (see [2, Section 12.91). In [l] it is shown that if the r’-parts 
of s1 and s2 are not conjugate in G *, then x, and x2 are not in the same 
r-block. The semisimple labels of the characters of G are given in [lo]. 
With these results, it is trivial to verify using central characters that the sets 
of characters defined below are the r-blocks of maximal defect. 
In the definitions, all character indices are elements of the set T, and we 
will write m, 1 k to mean that m, divides k but that m = 2m, does not. The 
5-tuples of numbers give the eigenvalues of the semisimple r’-elements of 
G* labelling the blocks. 
DEFINITION 3.1. In case r I q - 1 define 
b,= {la 4, e11, @I,, en1 
u {Ak 0, x8(k), x9(k), t3(k), t;(k) : m I k m 111; 
label: (1, 1, 1, 1, 1). 
b, = {@5, @6, @7, @8} 
u (xAk 4, L1(k)r L(k): m I k m. I I> 
u {5Ak), 5Xk):molk); 
label: (1, 1, 1, - 1, - 1). 
6, = m, e,, e2, e,, w 
u Mk 4, x8(k), x9(k), L(k), Mk): m. I k m. I l>; 
label:(l, -1, -1, -1, -1). 
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b,,,(s) = {t,(k), G(k), x&k 0: k = f.$mod ml, m I I}; s E T’; 
label: (1, 1, 1, y’, y-“). 
b,,(s) = {L(k), L(k), dk, 0: k = f s(mod ml, m, I I>; s E T’; 
label: (1, -1, -1, y’, yp”). 
b,,(s) = {X*(k), X9(k), Xj(k, I): kz fs(mod m), I= fk(mod m)}; SE T’; 
label: (1, y”, yps, y’, y-“). 
b,(s, t) = { x,(k, I): k E +s(mod m), 1 E k t(mod m)}; s, t E T’, s # t; 
label: (1, y’, I)-‘, y’, y-“). 
DEFINITION 3.2. In case r 1 q + 1 define 
bo= UG? ~103 ~I,, 6,,,43) 
u bdk 0, x6(k), xAk), t,(k), G(k): m I k m I I>; 
label: (1, 1, 1, 1, 1). 
label: (1, 1, 1, - 1, - 1). 
b,= {@w e,,O,, 83, e,} 
label: (1, -1, -1, -1, -1). 
b,(s) = {r,(k), t’,(k), X4(k, 1): k = +s(mod m), m 1 I}; s E T’; 
label: (1, 1, 1, q’, q-‘). 
b,,(s) = {G,(k), L(k), dk, 0: k = +s(mod m), m,l1}; SE T’; 
label: (1, -1, -1, @, v-“). 
b,,(s) = {X6(k), X,(k), X4(k, I) : k = +s(mod m), 1 z +_ k(mod m)}; s E T’; 
label: (1, @, v-“, +, qps). 
b,(s, t)= {X4(kr I): k= Fs(mod m), 1~ +t(mod m)}; s, TV T’, s# t; 
label : (1, q’, v-‘, v”, v] -“). 
Within a given block, every character from the same family has the same 
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restriction to the r-regular elements. We will therefore delete the indices 
from the character notation when considering a single block. 
4. THE DECOMPOSITION MATRICES 
In this section we give the decomposition matrices for the r-blocks of G 
of maximal defect. The first column of each table provides the degrees of 
the ordinary irreducible characters. The number of characters in the block 
from each family is given in the last column. The columns of each matrix 
are indexed by the irreducible Brauer characters in the block. The blank 
entries represent zeros. 
We remark that all the Brauer characters are liftable in the case Y / q - 1. 
This is not true, however, in the case Y 1 q + 1. The proofs of these results 
appear in Section 6. 
THEOREM 4.1. In case rlq-1, the decomposition matrices for the 
r-blocks of maximal defect are as follows. 
bO: 
Degrees Chars. No. qf Chars. 
1 
4(4 + 1 12/2 
dq2 + 1 l/2 
4(q2 + 1 l/2 
4 
(q2+ llr(q+ l)* 
tq*+ l)(q+ 1) 
4bl*+ l)(q+ 1) 
t4*+ l)(q+ 1) 






1 2 1 1 1 (r”- l)(r”-3)/8 
1 1 1 (r” - 1)/2 
1 1 1 (f- 1)/2 
1 1 1 (r”- 1)/2 
11 1 (6 1)/2 
6,: 
Degrees Chars. No. of Chars. 
(q2+1)(q+ 1)/Z 
(q2+ l)(q+ I)/2 
dq2 + I)(4 + 1 l/2 
4(q2 + 1 MY + 1 l/2 
(q2+1)(q+1)2 
(q2+ l)(q+ 1) 
4(q2+ l)(q+ 1) 
(q2 + 1 h + 1 j2/2 





1 1 1 1 (f- 1)2/4 
1 1 (rd- 1)/2 
1 1 (r’- 1)/Z 
1 1 (f- 1)/2 
1 1 (r“ - 1 )/2 
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b,: 
Degrees Chars. No. qf Chars. 
(q2 + 1 J/2 
(q2+lP 
4k2 + 1) 
q2(q2 + 1 l/2 
q2(q2 + 1 Y2 
(q2 + 1 I(4 + 1 I2 
(q2+ l)(q+ 1) 
4(q2+ l)(q+ 1) 
(Y2 + 1 I(4 + 1 I*/2 
(q2 + I)(4 + 1 I*/2 







1 1 2 1 1 (r”- I)(&--3)/8 
1 ! 1 (6 1)/2 
1 1 1 (rd- 1)/2 
1 1 1 (f- 1)/2 
1 1 1 (I“- 1)/Z 
Chars. No. of Chars. 
(q2 + 1 I(4 + 1) 
dq2+l)(q+l) 
(Y2 + I)(4 + I)* 




1 1 rd(r”- 1 )/2 
No. of Chars. 
(q2 + I)(4 + 1 I212 
(Y2 + 1 I(4 + 1 Y/2 
(q2 + 1 I(4 + 1 I2 
1 rd 
1 r“ 
1 1 r“(P - 1 )/2 
b,,(s), m, - 1 blocks: 
Degrees Chars. No. of Chars. 
k2+ l)(q+ 1) 




1 1 rd( rd - 1)/2 
b,(s, t), (m,, - l)(mo - 2)/2 blocks: 
Degrees 
(q2+ l)(q+ I)* 
Chars. 
x3 1 
No. of Chars. 
rZd 
THEOREM 4.2. In case r ) q + 1, the decomposition matrices for the 
r-blocks of maximal defect are as follows. The unknown entries CI and B are 
integerssa~isfying/?=Oor~=l,andj?+l<~~q-l++. 
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Degrees Chars. No. of Chars. 
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1 lG 1 1 
44 - 1 I212 8 10 1 1 
4fq2 + 1 l/2 0 II 1 P 1 1 
qfq2 + 1 P B L? I 1 1 
4 
fq2+ lh- I)* 
0 13 1 a 1 1 1 1 
x4 r-p-2 1 (6 l)(rd- 3)/8 
fq*+l)fq--1) X6 1 1 (f- I)/2 
dqZ+l)fq-l) x7 a-p-1 1 1 (A 1)/2 
fq2+ lh- 1) 5, p+1 1 (r”- 1)/2 
4fq2 + 1 If4 - 1) ir; a-l 1 1 (rd- 1)/2 
b, : 
Degrees Chars. No. of Chars 
(q2+1Nq-l)/2 
c4*+ l)(rl- l)P 
fY2 + 1 I(4 - 1 Y/2 
fq2+ l)(q--)*P 
c4*+ l)(q- II2 
fYZ+l)fq--l) 
s(q2+l)(q--1) 
44*+ l)(q- 1)/2 




1 1 (r”! 1)/2 
1 (r” - I )/2 
1 1 (r”- l)2/4 
1 1 (r“- 1)/2 
1 1 1 1 (6 1)/2 
1 1 1 
1 1 1 
No. of Chars. 
@I* + 1 Y-2 
fq2 + 1 l/2 
fq2+ l)(q-- 1) 
fq2+lNq--1)*/2 
(q2+ l)fq- 112/2 
(q2+ l)(q- I)* 
&I2 + 1 I(4 - 1) 
9(q2 + 1) 
q2(q2 + 1 J/2 
q2fq2 + 1)/2 
b,(s), m, - 1 blocks: 





1 1 1 
1 1 1 
1 1 1 






(rd - 1)/2 
1 
I 
((I*+ 1x4- II2 





1 rd(rd- 1)/2 
1 r” 
1 1 rd 
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b,,(s), m, - 1 blocks: 
Degrees Chars. No. of Chars 
(q2 + 1 I(4 - 1 Y/2 
(q2 + 1 )(q - 1 Y/2 
(q2 + 1 MY - 1 I2 
b,,(s), m, - 1 blocks: 
1 rl’ 
I ri’ 
1 I r”(rd - 1)/2 
Degrees Chars. No. of Chars. 
(q2+ l)(q- I)* x4 I r”(rd - 1)/Z 
(q2 + 1 I(4 - 1) X6 1 rd 
4(q2 + 1 MY - 1) x7 1 1 rd 
b,(s, t), (m, - l)(mo - 2)/2 blocks: 
Degrees Chars. No. qf Chars. 
(42+u(q--1)2 x4 1 rZd 
5. PRELIMINARY RESULTS 
We collect here some results we will be using in the proofs of the main 
theorems. The following result, due to Puig, will be used to prove 
Theorem 4.1. 
LEMMA 5.1. Let T be the split orus of G and N = No(T). Let e be the 
sum of all the centrally primitive idempotents of RG corresponding to blocks 
of maximal defect. Then the algebra RGe is Morita equivalent o RN. In 
particular, the decomposition matrices of RGe and RN are the same. 
Proof In the notation of [7], take H to be a Bore1 subgroup of G, so 
that the Levi complement L is just T. Since r is odd, r does not divide the 
order of W= N/T. The result then follows from [7, Theorem 51 and 
[6, Corollary 3.51 by taking the sum over all blocks of T. 1 
The proof of Theorem 4.2 requires only standard techniques of modular 
representation theory. The general reference is [3], but to avoid repeating 
certain arguments we will state the relevant results. 
Let {cpi:j= 1, . . . l(b)} and {d,:j= 1, . . . l(b)} be the sets of irreducible 
Brauer characters and (ordinary) characters of the projective indecom- 
posable modules, respectively, in a block b of G. If 1 E b is an ordinary 
character, denote by x(j) its decomposition number relative to qj. Thus x”’ 
is a non-negative integer. Moreover, by [3, IV.2.5, IV.31 x(j) is the scalar 
product (x, dji,. 
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For each block b of G, we are able to find a set {xi: i= 1, . . . 1(b)} of 
ordinary irreducible characters in b, whose restrictions to the u’-elements 
form a basic set for 6. That is, the restrictions are linearly independent, and 
{ cpj} is in the Z-span. With this notation, we have the following results. 
LEMMA 5.2. Let @ be a character of a projective module of 9. If, for 
some i,, (xi,, @) = 1 and (xi, @) = 0 for i# iO, then the restriction 0 of Qj to 
the block b is equal to 4, for some j. In particular, xj” = (xi, @) for all 
i= 1 , . . . . Z(b). 
Proof: The restriction 6 is projective, so 6 = C a,$, for some non- 
negative integers a.i. Thus, for all i, 
(xi, @) = (x,, $I= C a,(x,, $i) = C aid”. 
If more than one aj is non-zero, then the facts that {x,} is a basic set and 
(xi, @) = 0 for i # i, imply that two columns of the decomposition matrix 
are linearly dependent. Hence only one a, is non-zero, and (xi,, @) = 1 
implies that it must be 1. 1 
LEMMA 5.3. Let CD be a character of a projective module of G. If there is 
an ordinary character x in b such that x (j)> 1 for all j and (x, @) = 1, then 
the restriction 6 of @ to b is equal to 4, for some j. 
Proof: Let 6 = C a,dj as in 5.2. If there are two non-zero coefficients, 
or there is one coefficient greater than 1, then x(‘)> 1 for all j implies that 
(x, @)=Ca.X(j)> 1. 1 J 
Let U be a Sylow p-subgroup of G. Because r fp, any ordinary character 
w of U is projective, hence the induced character gG is a projective charac- 
ter of G. The projective characters to which we will apply 5.2 and 5.3 are 
all obtained in this manner and are described in 5.4. The characters of U 
are given in [IO]. 
DEFINITION 5.4. With notation as in [lo], we define the following 
projective characters of G: 
*l=(lLI)G 
e2 = (%oo~ 01 JG? where a(q) p( -a) = - 1 
$3 = (ado .o,lG, where a(q) p( -a) = 1 
tiL!= (%oO~~l)G 
$5 = (w,ca .%)GY where a(q) p( -a) = - 1 
$6 = (~,oo .mdG> where a(q) p( -a) = 1 
*7 = (~,IdG~ where &p(a) = - 1. 
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The scalar products of the characters in 5.4 with the characters of G are 
given in [lo]. 
6. PROOFS OF THEOREMS 
6.1. Proof in the Caserlq- 1 
Let r be an odd prime dividing q - 1. Let T be the split torus of G and 
N= NJT). Then T is abelian, and the Weyl group W= N/T is of order 8, 
so N is solvable. Hence, by the Fong-Swan theorem, the irreducible Brauer 
characters of N are liftable. That is, the Brauer characters are restrictions 
of ordinary characters to the r’-elements. Hence, by Lemma 5.1, the Brauer 
characters of G in blocks of maximal defect are liftable. 
It remains only to determine which ordinary characters are irreducible as 
Brauer characters, and to determine the decomposition numbers for the 
remaining characters. Let {xi} be a set of ordinary irreducible characters 
whose restrictions to the r’-elements form a basic set for a block h. Suppose 
that, on the r’-elements, every character in b can be written as a linear 
combination of the xl, with non-negative coefficients. Then (xl} is the set 
of irreducible Brauer characters in b and the remaining decomposition 
numbers follow from the linear relations. 
We complete the proof by giving the appropriate basic sets and relations. 
In light of the remark at the end of Section 3, we delete the indices from 
the character notation. The independence of the basic sets and the relations 
follow from the character table in [S]. 
The result is clear for the blocks b,(s, t). We have basic sets and relations 
in the blocks b,,,(s), b ,(s), and b,,(s), respectively. 




x9 = e9 + 4, + 4, 
t3= lc+e9+b 
51i=e9+eII+e13. 
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542 = @P, + @8. 
Finally, for the block b,, we have basic set { 03, 8,, D9, 8,) e,} and 
relations 
x3 = 03 + 8, + 2@, + 8, + 0, 
xs = 0, + 8, + @9 
x9 = cp, + e1+ 8, 
541= 04 + @9 + 0, 
t-42 = 8, + @9 + 82. 
This completes the proof of Theorem 4.1. 
6.2. Proof in the Case r 1 q + 1 
A simple counting argument shows that there are r*“ ordinary irreducible 
characters in each of the blocks b,(.s, t). Because all the ordinary characters 
have the same restriction to the r’-elements, there is only one Brauer 
character. Hence the unique Cartan invariant is equal to r’“, the order of 
the defect group, and therefore every decomposition number must be 1. 
We have basic sets and relations 
ix43 5113 5; =x4+5,> 
{L L)> x4 = 4;, + t;*> 
Ix49 X6$, x7 = x4 + X6 
in the blocks b,(s), b,,(s), and be,(s), respectively. The decomposition num- 
bers for these blocks then follow from Lemma 5.2 and the following scalar 
products with projective characters, defined in 5.4. 
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For the block h, , we have basic set (@, , Qi2, <;, , <k2} and relations 
x4 = &I + 5;2 
irl =@I +@z 
The decomposition numbers for 6, then follow from Lemma 5.2 and the 
following scalar products with projective characters (blank entries denote 
zeros): 
For the block h,, we have basic set {%3, %,, x6, t;,, 5i2} and relations 
x4 = 5;, + r;2 
x7 = x6 + t;, + t;2 
@9 = 93 + 94 +x6 
0, =94+116+&l 
%2 = %3 + 16 + t;2. 
The decomposition numbers then follow from Lemma 5.2 and the following 
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Finally, for the principal block bo, we have basic set 
{l,, olO, 8,,, e12, 0,3j and relations 
x4= I,-28 10 - 81, - 012 + 013 
x6= --1.+81”+e,, 
x7= -e,o-01, +Q,3 
5,= --1.+4n+41 
5; = -e,o-e12+e,3. 
In particular, if e I:’ = 0 for some j, then 
xy)= -(e&j+ e’,:‘) 
and 
<;(J) = - (eg + eg). 
Because the decomposition numbers are non-negative, this implies 
Then ,Ij’= -(lg’) hence l(j)- - 0 as well. But this implies that the decom- 
position matrix ha; a columi of zeros, which is impossible. Hence 0:‘: > 1 
for all j. 
All but the second column of the decomposition matrix for the principal 
block then follows from Lemma 5.3 and the following scalar products with 
projective characters: 
1 G 1 
e 10 1 
8 II 1 1 1 
e 12 1 1 
8 13 1 q 1 1 1 
We now consider the second column of the matrix. Let {qSj: j= 1, . . . . 5) 
be the characters of the projective indecomposable modules corresponding 
to columns 1 through 5, respectively. Then we can write the restriction $, 
of 1//T to b, as G7 = C a,$,,, where the aj are non-negative integers. 
Because (0,,, c$~)=O for jf2 and (e,,, 14~) = 1, this implies a, = 1 and 
Oc2)= 1 Hence IO . 
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implies 
and therefore a, = a4 = 0. 
l(2) = fp, = 0 
G 12 
This leaves $, = 42 + a3 43 + a5 d5. Hence, using the decomposition 
numbers already computed, we have 
co,,, $,)=@I:‘+%= 1, 
(8,,, $,, = s\y+ uj + u5 = q. 
Hence 8(,:‘=1--a3 is 0 or 1 and 8:2,‘=q-a,-a,=(q-l)+e!:j-u,, 
giving the upper bound for 8,, . (2)It follows from the linear relations between 
characters that x y’ = Q\:) - 6::) - 1, giving the lower bound. If rd # 3 then 
b,, contains a character of type x4, and the 1 in the lower bound can be 
replaced by 2. This completes the proof of Theorem 4.2. 
Note that although the cuspidal unipotent character 0,0 is known to be 
irreducible modulo Y, we have been unable to determine its multiplicity in 
certain other characters, in particular the Steinberg character I!),,. This 
problem has arisen in other cases (cf. [lo, 5]), and it appears to be rather 
difficult in general to determine the decomposition matrix completely when 
a cuspidal unipotent character of positive defect is present. 
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